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We investigate a form of f(R) = R1+δ/Rδc and study the viability of the model for inflation in
the Jordan and the Einstein frames. This model is further analysed by using the power spectrum
indices of the inflation and the reheating temperature. During the inflationary evolution, the model
predicts a value of δ parameter very close to one (δ = 0.98), while the reheating temperature
Tre ∼ 1017 GeV at δ = 0.98 is consistent with the standard approach to inflation and observations.
We calculate the slow roll parameters for the minimally coupled scalar field within the framework of
our model. It is found that the values of the scalar spectral index and tensor-to-scalar ratio are very
close to the recent observational data, including those released by Planck 2018. We also show that
the Jordan and the Einstein frames are equivalent when δ ∼ 1 by using the scalar spectral index,
tensor-to-scalar ratio and reheating temperature.
I. INTRODUCTION
In study of the very early universe, inflation was in-
troduced to solve the horizon problem, flatness prob-
lem, monopole problem, entropy problem etc. These are
among the most pronounced problems of the Lambda
Cold Dark Matter (ΛCDM) model in research in cos-
mology at present. Of course, even though there exist
several competent solutions of these problems of ΛCDM
model, still we do not have a completely viable inflation-
ary model. In literature, there are several models like the
Starobinsky model, Chaotic inflationary model, Plateau
type inflationary model etc. which attempt to solve these
issues. Among these models, the Starobinsky model has
its own merits to be considered as the most significant
one [1].
Several inflationary models use the scalar field hav-
ing constant energy density during inflation just like the
cosmological constant or the vacuum energy density [2].
Models of cosmological constant varying through interac-
tion with the background in an intermediate phase sand-
wiched between the early inflation and the present accel-
erated phase have also been proposed [3]. Some authors
assume that the universe was supercooled as vacuum in
the very early universe. Its source was considered to be
the entropy [4]. Following this, Guth proposed an in-
flationary model in 1981 [5]. It was also based on su-
percooling in the false vacuum state where the universe
enters a reheating phase by means of bubble collision [6].
However, this approach does not work well because it is
inflicted from the reheating problem which needs to be
solved.
A viable inflationary model should be able to reheat
the universe. Reheating begins after the end of infla-
tionary phase and this phase is very crucial for our uni-
verse because it increases the temperature of the very
cold universe. The Grand Unification Theory (GUT) en-
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ergy scale lies between 1013 GeV to 1016 GeV and elec-
troweak Spontaneous Symmetry Breaking (SSB) phase
transition occurs at ∼ 300 GeV, therefore reheating tem-
perature should be > 1016 GeV [7, 8]. According to the
particle field theories and nuclear synthesis, temperature
of the universe should be greater than 100 GeV after the
reheating process ends [8]. Till 1982, there was a lapse of
the viable model which could solve the problems of the
ΛCDM model as well as graceful exit problem of the old
inflationary model.
In 1982, Linde proposed a inflationary model [9],
known as ‘new’ inflationary model. This model offers the
solution to the ΛCMD model’s problems, including the
graceful exit problem. The basic difference between old
and new inflationary models is that the universe becomes
homogeneous in the new inflationary model whereas it
was inhomogeneous in the old inflationary theory. The
recent observations of Cosmic Microwave Background
power spectrum is uniform at the order of 10−5 [10, 11],
so that the new inflationary model is more successful than
the old inflationary model. Linde proposed a chaotic in-
flationary theory also, in 1983 [12].
There is a class of theories to explain the inflation
based upon the scalar field theory and modified grav-
ity theories [1, 13–17]. Starobinsky’s inflationary model
became a viable model, particularly after release of the
Planck 2018 data [18]. Starobinsky proposed the first
modified gravity model for inflation in 1980 [1] and sev-
eral other authors also published valuable work on in-
flation in the framework of modified gravity models [19–
23]. Scalar-tensor theory is a modified gravity model, and
for the first time, Brans and Dicke introduced a scalar-
tensor theory by replacing inverse of the Newtonian grav-
itational constant G−1 by a scalar field φ [23].
We transform the spacetime metric gµν from the Jor-
dan frame to the Einstein frame by the conformal trans-
formation. In the scalar-tensor theory, the scalar field
arises as a new degree of freedom after conformal trans-
formation of the metric tensor gµν . In cosmology, there
is a serious debate on the equivalence of the Jordan and
the Einstein frames. Several approaches have been used
to understand and settle down this problem [24–28].
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2In the present paper, we consider a general function of
Ricci scalar, R, given by
f(R) =
R1+δ
Rδc
, (1)
where Rc is a constant and δ is a dimensionless model pa-
rameter. This f(R) gravity model has also been used to
explain the dark matter problem in [29]. If δ → 0, we re-
cover the Einstein-Hilbert action as f(R) = R1+δ/Rδc →
R. This form of f(R) is inspired by the model f(R) =
R1+δ [30], where the parameter δ is a function of the
constant tangential velocity and its value, as calculated
from the constant tangential velocity of the test particles
(200− 300 km/s), is of the order of (v2/c2) ∼ 10−6. The
viability of a similar f(R) model with a small δ has also
been discussed for extended galactic rotational velocity
profiles in weak field approximation [31]. Therefore, a
small correction in R may explain the issues which are
otherwise solved by invoking dark matter. However, as
we will notice further in this paper, we require a larger
value of δ compared to 10−6 to account for inflation at
the early epoch in the universe. We use the f(R) model
given by equation (1) to address the issues of inflation
and reheating in modified gravity scanario .
The inflationary observational parameters as the scalar
spectral index ns, tensor-to-scalar ratio r, amplitude of
the scalar power spectrum As etc. are constraints on
model’s parameters and the reheating temperature [18].
These are calculated from the Cosmic Microwave Back-
ground (CMB) power spectrum of the universe, mainly
through the Planck’s observations, Wilkinson Microwave
Anisotropy Probe (WMAP) observations etc.
The present paper is organised as follows. In section
II, we focus our attention to inflation, reheating tem-
perature and power spectral indices in the scalar-tensor
theory. We also calculate the value of the δ parameter
in both frame the Jordan and the Einstein frame in sec-
tions III and IV, respectively. We compare the Jordan
and the Einstein frames in the section V and discuss the
conclusion in section VI.
Further, we use the Greek letters µ, ν, α, β = 0, 1, 2, 3
and Latin letters i, j, k = 1, 2, 3. The sign convention
used for metric is (−,+,+,+) and the natural unit sys-
tem c = ~ = kB = 1, where c, ~ and kB are the speed
of light, reduced Planck constant and the Boltzmann’s
constant, respectively. Dot and prime are considered as
differentiation w.r.t. cosmic time and Ricci scalar, re-
spectively.
II. INFLATIONARY DYNAMICS AND
REHEATING TEMPERATURE
In the present work, we consider the scalar-tensor the-
ory as an effective theory and study inflation within it.
We further assume the background dynamic universe as
being homogeneous, isotropic and spatially flat, which
is defined by the Friedmann-Robertson-Walker (FRW)
spacetime metric, given by the spacetime interval,
ds2 = −dt2 + a2(t)[dr2 + r2(dθ2 + sin2 θdφ2)], (2)
where a(t) is scale factor, t is the cosmic time and r, θ, φ
are the spherical coordinates.
We know that the strong energy condition is ρ+ 3P ≥
0, so that the universe undergoes deceleration. The
Equation of State (EoS) w of all the known normal mat-
ter components of the universe is ≥ −1/3. However, an
interpretation of the observational data of Supernovae
type Ia (SN-Ia) in 1998 suggests that the present uni-
verse is in an accelerating phase [32, 33].
From the above discussion, we can conclude that the
normal matter does not produce accelerated expansion
of the universe. However, the acceleration can still be
obtained by adding some exotic matter or making ‘cor-
rection’ in the curvature part of the Einstein-Hilbert ac-
tion. There are some other ways to solve this problem
in emergent gravity models, steady state theory, string
theory etc. The aim of this ‘correction’ is to attain the
accelerated expansion of the universe with the EoS of the
matter w < −(1/3). Such an equation of state can be ob-
tained by the violation of the strong energy condition i.e.,
by ensuring ρ+ 3P < 0. In this paper, we discuss about
the inflation in a de-Sitter spacetime.
Such a universe in the present accelerated phase can be
realised by the Λ cosmological constant. Of course, the
Λ model cannot be a cosmologically viable model for the
accelerated expansion in the early universe because ex-
ponential expansion will never end [34]. Therefore, we do
not need exactly constant energy density in the early uni-
verse. Actually, we need approximately constant energy
density i.e H ' constant and quasi de-Sitter spacetime
during inflation.
We can write a¨/a in terms of H and it derivatives
a¨
a
= H2 + H˙ = H2
(
1 +
H˙
H2
)
, (3)
where H ≡ a˙/a is the Hubble parameter and H˙ is the
time derivative of the Hubble parameter. Now, we define
ε1 ≡ − H˙
H2
. (4)
We get acceleration from equations (3) and (4)
H2(1− ε1) > 0; if ε1 < 1. (5)
It means that the acceleration can be produced if and
only if ε1 < 1 i.e. |H˙/H2| < 1.
Here, we have defined the parameters for slow roll in-
flation [35, 36]
ε1 ≡ −H˙
H2
; ηH ≡ −H¨
H˙H
; (6)
and these parameters should be
ε1  1; ηH  1. (7)
3To explain inflation in the scalar field description, we as-
sume a homogenous self-interacting scalar field φ(t) hav-
ing potential V (φ), minimally coupled to the curvature
in the very early universe [37, 38]. Then, the slow roll
parameters can be defined as
ε1 ≡ φ˙
2
2V (φ)
; ε2 ≡ φ¨
Hφ˙
. (8)
To study the inflation, using the scalar field potential is
quite convenient. Therefore, we have the slow roll pa-
rameters ε1 and ε2 in terms of V (φ),
ε1 ≡
M2pl
2
(V,φ
V
)2
; (9)
ε2 ≡
M2pl
2
(V,φ
V
)2
−M2pl
(V,φφ
V
)
, (10)
and we also define another parameter
η ≡M2pl
(V,φφ
V
)
. (11)
These parameters for inflation should be
ε1  1; ε2  1; η  1. (12)
Now, using the equations (9), (10) and (11), we obtain
ε2 = ε1 − η. (13)
We have the number of e-folds N = ln[a(ten)/a(t)], where
ten is the epoch at which the inflation ends [37], given as
N =
1
Mp
∫ tf
ti
Hdt =
1
Mp
∫ φend
φi
H
φ˙
dφ. (14)
We assume that the number of e-foldings required to solve
the problems of the ΛCDM model are 50 < N < 60
[18, 39]. Therefore,
N =
∫ φ60
φend
d(φ/Mp)√
2ε1
. (15)
The power spectrum indices, scalar spectral index ns and
tensor-to-scalar ratio r are given as [36, 40]
ns = 1− 6ε1 + 2η (16)
and
r = 16ε1. (17)
Equations (15), (16) and (17) are used to calculate the
values of N , ns and r, respectively, in the present model
(1). These are the significant parameters of the inflation.
Observational values of these parameters from the re-
cent Planck 2018 data analysis[18] are
ns = 0.9649± 0.0042, at 68% CL; (18)
r < 0.1, at 95% CL; (19)
and by BICEP2/Keck Array BK14 recent data[41]
r < 0.065, at 95% CL. (20)
In this paper, we compare the calculated values of the
power spectrum indices with the observations and check
the consistency of this closeness.
A. Reheating temperature Tre
A viable inflationary models should be able to reheat
the universe. Reheating starts after the end of inflation-
ary phase. This phase is quite crucial for our universe
because it increases the temperature of the super cold
universe, which is necessary for further evolution. There-
fore, we now calculate the reheating temperature.
We assume that the entropy (S = sV , where S is en-
tropy, s is entropy density and V is volume of the patch)
does not change during adiabatic expansion after the end
of the reheating till now, i.e., srea
3
re = soa
3
o, where sre,
so, are and ao denote entropy density at the end of re-
heating, today’s entropy density, scale factor at the end
of reheating and present scale factor, respectively. We
can thus connect the reheating and present epochs via
entropy.
After reheating, universe was dominated by the rela-
tivistic species, and the total entropy was almost carried
by the these relativistic species till the present epoch.
Entropy density of the relativistic species can be given
as [14]
sre =
2pi2
45
gs,reT
3
re, (21)
where gs,re is total relativistic degree of freedom at end of
reheating and Tre is the reheating temperature. Today,
the entropy density of relativistic species is
so =
2pi2
45
gs,oT
3
o , (22)
where gs,o = (43/11) [14] refers to the total number of
relativistic degrees of freedom after neutrino decoupling
and To is CMB temperature today. Now, using the rela-
tion (21) and (22), we have
Tre =
( 43
11gs,re
)1/3 aoTo
are
, (23)
All the perturbations get frozen when wavelengths exit
the Hubble horizon at the wave number k = akHk, where
ak and Hk are the scale factor and Hubble parameter,
respectively, at the exit of the Hubble horizon. These
perturbations are imprinted on the Cosmic Microwave
Background (CMB) and their signatures are observed
when wavelength re-enter the Hubble horizon at the wave
number k = aoHo, where ao and Ho are the scale factor
and Hubble parameter, respectively, at the re-entry of
the Hubble horizon. We have the relation to calculate
the value of ao/are
k
akHk
=
aen
ak
are
aen
ao
are
k
aoHk
, (24)
where aen is the scale factor at the end of inflation. Using
the definition of the number of e-foldings [37] for Nk ≡
ln (aen/ak) and Nre ≡ ln (are/aen). We have
ao
are
= e−Nk−Nre
aoHk
k
, (25)
4and putting the value of ao/are in the equation (23) from
equation (25)
Tre =
( 43
11gs,re
)1/3 aoTo
k
Hke
−Nk−Nre . (26)
As usual energy density of the universe vary ρi ∝
a−3(1+wi), here wi is a EoS of the fluid and i refers to
different species. Therefore we have a relation between
ρen and ρre as
ρre
ρen
=
( are
aen
)−3(1+wre)
, (27)
where ρen is a energy density at the end of inflation, ρre
is a energy density at the end of reheating, wre is an
equation of state during reheating.
We have a relation for reheating number of e-foldings
Nre in terms of ρen and ρre by using the above equation
(27)
Nre =
1
3(1 + wre)
ln
(ρen
ρre
)
. (28)
Here, we assume that the total energy density of the in-
flaton field completely converted into energy density of
the relativistic species during reheating. Therefore the
energy density of the relativistic species at the end of
reheating is given by
ρre =
pi2
30
greT
4
re, (29)
where, gre is the relativistic degree of freedom.
Now, putting the value of ρre in the equation (28) from
equation (29),
e−Nre =
(30ρen
pi2gre
)− 1
3(1+wre)
T
4
3(1+wre)
re . (30)
and with the value of the e−Nre from (30) in the equa-
tion (26),
Tre =
[( 43
11gs,re
)1/3(aoTo
k
)
Hke
−Nk
(30ρen
pi2gre
)− 1
3(1+wre)
] 3(1+wre)
3wre−1
.(31)
Considering wre = 0 during reheating, Tre becomes
Tre =
(11gs,re
43
)( k
aoTo
)3( 30
pi2gre
)
H−3k e
3Nkρen. (32)
From the above equation it is clear that the reheating
temperature depends on the Hk, Nk and ρen. This leads
us to calculate the reheating temperature by using these
values in the Jordan and the Einstein frames.
B. Inflationary dynamics in the Scalar-Tensor
(S-T) theory
In the generalized scalar-tensor theories, action with-
out matter field can be written as [42]
A =
∫
d4x
√−g
[
f(R,φ)
2κ2
− ω
2
gµν∂µφ∂νφ− V (φ)
]
(33)
where f(R,φ) is a function of Ricci scalar and scalar
field and ω is a parameter which is 6= 1 for non-canonical
scalar field, and = 1 for canonical scalar field. Varying
the action (33) w.r.t. the scalar field φ and metric tensor
with ω = 1. We obtain the equations of motion [42]
H2 =
1
3F
{
φ˙2
2
+ V (φ) +
FR− f
2
− 3HF˙
}
(34)
H˙ = − 1
2F
(φ˙2 + F¨ −HF˙ ) (35)
φ¨+ 3Hφ˙+
1
2
(2V,φ − f,φ) = 0, (36)
where V,φ = ∂V /∂φ, f,φ = ∂f/∂φ, F = ∂f/∂R.
In f(R,φ) theories, the slow roll parameters are defined
as[36, 42]
ε1 ≡ − H˙
H2
; ε2 ≡ φ¨
φ˙H
; ε3 ≡ F˙
2HF
; ε4 ≡ E˙
2HE
,
(37)
where
E ≡ F
[
1 +
3F˙ 2
2κ2φ˙2F
]
. (38)
We can write slow roll parameters in the generalised form
as εi, where i = 1, 2, 3, 4 and we consider ε˙i ' 0 [36].
Cosmological perturbations in f(R) theory has been
studied in [42]. Perturbations generated during inflation
are strong evidence of the inflation. These perturbations
freeze after crossing the Hubble radius. They are im-
printed on the Cosmic Microwave Background (CMB)
and used as a fingerprint of the inflation. These finger-
prints are known as power spectral indices (e.g. tensor-
to-scalar ratio, scalar spectral index, tensor spectral in-
dex etc.). Power spectrum of the CMB is almost scale
invariant (ns ∼ 1) during inflation.
Spectral index ns during inflation in modified gravity the-
ories is [40]
ns ' 1− 4ε1 − 2ε2 + 2ε3 − 2ε4, (39)
and tensor-to-scalar ratio r is [40]
r =
PT
Ps '
8κ2Qs
F
, (40)
where Qs = φ˙
2E/[FH2(1 + ε3)
2]; Ps ' Qs−1(H/2pi)2
and PT ' 16(Hκ)2/piF [40].
Scalar curvature perturbation, R = ψ − HδF/F˙ , re-
mains invariant R = R˜ under the conformal transforma-
tion and tensor perturbation is also remains invariant.
Therefore, tensor-to-scalar ratio and scalar spectral in-
dex in the Jordan frame are identical with Einstein frame
[40].
5III. INFLATIONARY DYNAMICS AND
REHEATING TEMPERATURE IN THE JORDAN
FRAME
Action in the f(R) theories of gravity without matter
field during inflation is
A = 1
2κ2
∫
d4x
√−gf(R), (41)
where f(R) is the function of Ricci scalar R, and we
obtain the field equation after varying the action (41)
w.r.t. the metric tensor
F (R)Rµν − 1
2
f(R)gµν −∇µ∇νF (R)
+gµνF (R) = 0, (42)
where F (R) = ∂f/∂R, ∇µ is the covariant derivative
and  ≡ ∇µ∇µ is the covariant D’Alembert operator.
Trace of the equation (42) is
3F (R) + F (R)R− 2f(R) = 0, (43)
and equations of motion in f(R) gravity are given as
H2 =
1
3F
[FR− f
2
− 3HF˙
]
; (44)
−2FH˙ = F¨ −HF˙ . (45)
Energy density and pressure of the universe in the f(R)
theory of gravity are
ρ =
1
κ2F
[FR− f
2
− 3HF˙
]
; (46)
P =
1
κ2F
[
F¨ − FR− f
2
+ 2HF˙
]
, (47)
respectively. The slow roll conditions (6) become
−H˙/H2 = 1 and −H¨/H˙H = 1 at the end of inflation.
Putting the values of F and F ′ in equation (46), we have
the energy density of the universe at the end of inflation
as
ρen =
3δ(2 + δ)
(1 + δ)
M2pH
2
en. (48)
We can replace Hen to the Hk in the (48) because H
remains approximately constant during inflation
ρen =
3δ(2 + δ)
(1 + δ)
M2pH
2
k . (49)
Putting the value of F˙ = R˙F ′ in the equation (44) and
using the values of F and F ′ where F ′ = ∂2f/∂R2,
where prime denotes the derivative w.r.t. R, we have
H2 =
δ
6(1 + δ)
[
R− 6H(1 + δ) R˙
R
]
. (50)
We use the slow roll approximations from equations (6),
R = 6(H˙ + 2H2) and R˙ ' 24HH˙ in the equation (50)
and obtain
− H˙
H2
=
1− δ
δ(1 + 2δ)
. (51)
Putting the value of the −H˙/H2 from (51) in the equa-
tion (4), we obtain the value of ε1 as
ε1 =
1− δ
δ(1 + 2δ)
. (52)
The parameter δ has the range (δ > (−1 + √3)/2 (i.e.
0.366 < δ < 1) from the condition of acceleration (5).
However, we do not consider δ > 1 to avoid the state of
super inflation [40].
In the equation (37), second and fourth slow roll pa-
rameters become ε2 = 0 and ε4 = F¨ /HF˙ , respectively,
due to the fact that φ˙ is absent in the Jordan frame and
equation (38) takes the form E ≡ 3F˙ 2/2κ2 in the Jordan
frame [40]. Therefore, these parameters turn out as
ε1 ≡ −H˙
H2
, ε2 = 0, ε3 ≡ F˙
2HF
, ε4 ≡ F¨
HF˙
. (53)
We can write the equation (45) in terms of slow roll pa-
rameters as
− H˙
H2
= − F˙
2HF
(
1− F¨
F˙H
)
, (54)
ε1 = −ε3(1− ε4). (55)
During the slow roll inflation ε4  1 and so, the equation
(55) changes to
ε1 ' −ε3. (56)
We have found the scalar spectral index ns and tensor-to-
scalar ratio r in f(R) gravity theories in the Jordan frame
after using the equation (53), respectively, as [40, 43],
ns ' 1− 4ε1 + 2ε3 − 2ε4 (57)
and
r = 48ε23, (58)
with Qs = E/[FH
2(1 + ε3)
2]. We have used the Hubble
parameter at the time of horizon exit at k = akHk as,
Hk =
(piMp√PsrF√
2
)
. (59)
Clearly, it depends on the amplitude of scalar power spec-
trum Ps, tensor-to-scalar ratio r and new degree of free-
dom F .
6A. Scalar spectral index, tensor-to-scalar ratio and
reheating temperature in the Jordan frame in the
f(R) = R1+δ/Rδc model.
In this section, we calculate the slow roll parameters
(53) and power spectrum index from (1) model. These
slow roll parameters are given by
ε1 =
(1− δ)
δ(1 + 2δ)
; ε2 = 0; ε3 =
(δ − 1)
(1 + 2δ)
; ε4 =
(δ − 1)
δ
.
(60)
We can write ε3 and ε4 parameters in terms of ε1 as
ε3 = −δε1; ε4 = −(2δ + 1)ε1. (61)
We obtain scalar spectral index by putting the value of
ε1 ε3 and ε4 in the equation (57) from (60)
ns = 1− 2(1− δ)
2
δ(2δ + 1)
. (62)
After putting the value of ε3 from the equation (60) in
{δC = 0.8175 }
{δA = 0.7981 }
{δD = 1.262 }
{δB = 1.304 }
A B
C D
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n
s
FIG. 1. Plot between scalar spectral index ns and δ. The
straight dashed line shows an observational upper limit of the
ns = 0.9691 and the straight dotted line is a lower limit of
ns = 0.9607. In this paper, we do not consider the value
of delta greater than one, therefore the value of δ must lie
between δA ≤ δ ≤ δC . As δ increases from 0.8175, the value
of ns crosses its upper limit.
(58), we obtain the tensor-to-scalar ratio in the Jordan
frame
r =
48(1− δ)2
(1 + 2δ)2
. (63)
We have also found the relation between ns and r by
using equations (62) and (63)
r ' − 24δ
(1 + 2δ)
(ns − 1). (64)
This relation shows the dependence on the δ parameter.
A B
δmin = 0.8971 δmax = 1.119
0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4
0.0
0.2
0.4
0.6
δ
r
FIG. 2. Plot between tensor-to-scalar ratio r and δ in the
Jordan frame. The straight solid line is an upper limit of r =
0.065. This is an observational constraint on the parameter δ.
Points A and B indicate the minimum and maximum value of
δ, implying that δ has a value 0.8971 ≤ δ < 1.119, including
rmin = 0 at δ = 1.
(ns , r )(0.9918 , 0.065 )
(δ = 0.98 )
(δ = 0.90 )
A
0.96 0.97 0.98 0.99 1.00
0.00
0.05
0.10
0.15
0.20
0.25
0.30
ns
r
FIG. 3. Plot between tensor-to-scalar ratio r and scalar
spectral index ns for δ = 0.98 and δ = 0.90 in the Jordan
frame. The upper dashed line represents δ = 0.98 and the
lower dotted line is drawn at δ = 0.90. The straight solid
line is an upper bound on the value of r, which is r < 0.065
coming from the observations. Point A denotes ns = 0.9918
at r = 0.065.
We have used the relations (62) and (63) to obtain
the plots of δ vs ns and r. It can be seen that both
ns and r depend only on the model parameter δ. Fig.1
is a plot between δ and ns, showing that the allowed
values of the parameter δ are fixed by the observational
upper and lower limit of the ns. The range of the δ
is 0.7981 ≤ δ ≤ 0.8175. The value of the ns increases
from 0.9607 to 0.9691 between the points A and C and
decreases between the points D and B.
From Fig.1, we can see that initially ns increases with
increasing δ and reaches the maximum at δ = 1 implying
7A
(δ = 0.97966 )
0.9795 0.9796 0.9797 0.9798 0.9799
0
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T
re
(Gev
)
FIG. 4. Plot between reheating temperature Tre in GeV and
model parameter δ in the Jordan frame. The dotted straight
line represents the lower limit of the Tre = 10
16 GeV and
intersects the curve at the point A δ = 0.97966.
that there is no tilt in the CMB power spectrum.
Fig.2 is a plot between tensor-to-scalar ratio r and δ.
We have a range of the δ parameter 0.8971 ≤ δ ≤ 1.1192
obtained from the observational value of r. If the value
of delta increases, the value of r falls to zero before rising
again. At r = 0 with δ = 1, the primordial gravitational
waves cannot be produced. As r increases further from 0
to 0.065 with δ from 1 to 1.1192, having a gravitational
wave component up to its uppermost observed value r
0.065, even though this δ would imply a super inflation.
Therefore, we can set the limit of the δ as 0.8971 ≤ δ < 1
for inflation. However, this is inconsistent with the range
of δ allowed in Fig.1. It can be seen that r < 0.1 allows
a better consistency of r and ns with respect to their
variation with δ.
Therefore, it is interesting to check it further and so
we plot tensor-to-scalar ratio r and ns in Fig.3 with two
different values of the model parameter δ. Assuming
δ ' 0.98 gives a constraint on the value of ns and r. Both
curves intersect at the point (0.9918, 0.065). However,
while it is satisfactory for r, the value of ns is inconsis-
tent with the observed range discussed in Fig.1. Again,
consistency can be made stronger by allowing r < 0.1 as
shown in our model.
Reheating temperature may be determined in terms of
δ after putting Nk = 60, ρen, and Hk from equations (49)
and (59), respectively,
Tre =
(11gs,re
43
)( 30
pi2gre
)( k
aoTo
)3( √2
pi
√Psr
) 1√
F
3δ(2 + δ)
1 + δ
e3
√
3
2
δ
1−δMp.(65)
Equation (65) depends on the model parameter and the
observational parameters. By using equation (65) we can
track the behaviour of reheating temperature Tre with δ.
Thus, Tre also sets a lower bound on δ. From Fig.4, it
can be seen that Tre = 10
16 GeV sets this bound at δ =
0.97966. A lower reheating temperature would satisfy
the observations of r and ns and give a more consistent
value of δ.
IV. INFLATIONARY DYNAMICS AND
REHEATING TEMPERATURE IN THE
EINSTEIN FRAME
Replacing f(R) by [f(χ)−f(χ),χ (R−χ)] in the equa-
tion (41) gives action as
A = 1
2κ2
∫
d4x
√−g[f(χ)− f(χ),χ (R− χ))], (66)
where χ is an auxiliary field.
After defining ϕ ≡ f(χ),χ equation (66) can be written
as
A =
∫
d4x
√−g
[
1
2κ2
ϕR− U(ϕ)
]
, (67)
where U(ϕ) is potential of the field (ϕ) as
U(ϕ) ≡ χ(ϕ)ϕ− f(χ(ϕ))
2κ2
. (68)
We can rewrite the equation (41) as
A =
∫
d4x
√−g
(
1
2κ2
f(R)R− U
)
, (69)
where
U =
FR− f
2κ2
. (70)
Invoking a conformal transformation of the metric tensor
g˜µν = Ω2gµν and
√−g = Ω−4√−g˜, we obtain the action
in the Einstein frame (AE) as
AE =
∫
d4x
√
−g˜
[
1
2κ2
FΩ−2(R˜+ 6˜ω − 6g˜µν∂µω∂νω)− Ω−4U
]
, (71)
8where ω ≡ ln Ω, ∂µω ≡ ∂ω/∂x˜µ, ˜ω ≡
(1/
√−g)∂µ(
√−g˜g˜µν∂νω),
R = Ω2(R˜+ 6˜ω − 6g˜µν∂µω∂νω).
We can rewrite the equation (71) by redefining the
scalar field κφ =
√
3/2 lnF and Ω2 = F in the Einstein
frame as
AE =
∫
d4x
√
−g˜
[
1
2κ2
R˜− 1
2
g˜µν∂µφ∂νφ− V (φ)
]
(72)
where
V (φ) =
U
F 2
=
FR− f
2κ2F 2
. (73)
Equation (72) shows that the scalar field φ is minimally
coupled with the curvature. Since action (72) is same for
the canonical single scalar field, therefore the dynamical
equations and the conclusions drawn are equivalent in
the Einstein frame for the slow roll inflation.
We have evaluated the potential of the scalar field V (φ)
from the equation (73) by using the value of R, f(R) and
F in term of the scalar field, φ as [29]
V (φ) =
δRcM
2
p
2(1 + δ)
1+δ
δ
[
e
√
2
3
φ
Mp
] 1−δ
δ
. (74)
Interestingly, potentials of this type are able to produce
V(ϕ) = 0.123 Mp4 
-200 -100 0 100 2000
1
2
3
4
φ /Mp
V
(φ)
FIG. 5. Plot showing the behavior of the scalar field potential
V (φ) with respect to scalar field φ/Mp. Here, we consider
δ = 0.98 and Rc = 1 in M
2
p units. Homogeneous and isotropic
scalar field potential has minimum if φ→∞. Inflation begins
at φ = Mp and rolling down towards φ = 0.
slow roll inflation in the very early universe.
In Fig. 5, slow roll inflation ends as φ → ∞. Such a
potential has a minima at ∞, therefore the scalar field
(inflaton field) does not oscillate about minima. It goes
on rolling towards infinity and decays into other particles
in reheating phase. In this mechanism, potential has a
global minima at the φmin and the inflaton field oscillates
about it. It may decay by a direct coupling to the matter
field and other scalar field. Alternatively, reheating pro-
cess may be followed by gravitational particle production
[34, 46]. However, in the present paper, we do not intend
to discuss the process of the particle production during
reheating.
Slow roll parameters in the scalar-tensor theory are
defined by the equation (37) but in the Einstein frame
F = 1, and so ε˜3 and ε˜4 vanish [40]. Equation (37)
becomes
ε˜1 ≡ −
˙˜H
H˜2
; ε˜2 ≡ φ¨
H˜φ˙
; ε˜3 = 0; ε˜4 = 0 (75)
where φ˙ = ∂φ/∂t˜ and φ¨ = ∂2φ/∂t˜2, dt˜ =
√
Fdt,
a˜ =
√
Fa and the Hubble parameter H˜ ≡ (1/a˜)da˜/dt˜ =
(1/
√
F )
(
H + F˙ /2F
)
.
There are two parameters ε˜1 and ε˜2 surviving in the
Einstein frame. These can be expressed in terms of po-
tential as well as in terms of f(R) as [44]
ε˜1 ≡ 1
2κ2
(
V,φ
V
)2
, (76)
ε˜1 =
1
3
(
2f − FR
FR− f
)2
, (77)
ε˜2 =
1
2κ2
(
V,φ
V
)2
− 1
κ2
(
V,φφ
V
)
, (78)
ε˜2 = ε˜1 − η, (79)
where η is given by the equation (11).
Further, η can be expressed in terms of the f(R) as
[44]
η =
2
3
F 2
F ′(FR− f) −
2RF
(FR− f) +
8
3
(80)
Using the slow roll condition (12) in the ρ˜φ ' (1/2) ˙˜φ
2
+
V (φ), the energy density of the scalar field becomes
ρ˜(φ) ' V (φ) while the Friedmann’s equation at the time
of k = a˜kH˜k turns out to be H˜
2
k ' ρ˜k(φ)/3M2p . At the
end of the inflation, (1/2)φ˙2 ' V (φ) and the energy den-
sity ρ˜en(φ) becomes
ρ˜en(φ) ' 3
2
Ven(φ). (81)
Inflaton potential at the end of inflation is
Ven(φ) = Vk(φ)e
√
2
3
[
φk
Mp
−φenMp
]
1−δ
δ
. (82)
Here, we have assumed that φen = 0; φk = Mp and
V (φ)k = 3H˜
2
kM
2
p . Putting these values in the above
equation, we obtain
Ven(φ) = 3H˜
2
kM
2
p e
√
2
3
(
δ−1
δ
)
. (83)
9Using the above value of the V (φ)en in the (81), ρ˜en(φ)
becomes
ρ˜en(φ) ' 9
2
M2p H˜
2
ke
√
2
3
(
δ−1
δ
)
. (84)
In the Einstein frame, Hubble parameter in terms of P˜s
and r˜ is given as,
H˜k =
(piMP√P˜sr˜√
2
)
, (85)
at the horizon exit.
Scalar spectral index n˜s in the Scalar-Tensor theory is
given by the equation (39) [42]. Thus, using the values
of ε˜1, ε˜2, ε˜3 and ε˜4 from the equation (75),
n˜s − 1 ' −4ε˜1 − 2ε˜2. (86)
which is further given as (from the equation (79))
n˜s ' 1− 6ε˜1 + 2η. (87)
Further, we have found the tensor-to-scalar ratio by
putting the value of Qs = φ˙
2/H˜2 in the equation (40) in
the Einstein frame [40] as
r˜ ' −16
˙˜H
H˜2
= 16ε˜1. (88)
We can also determine the number of e-foldings in the
Einstein frame from the equation (15) as
N =
∫ φ60
φend
d(φ/Mp)√
2ε˜1
. (89)
This expression is further used to calculate the value of
the δ parameter.
A. Scalar spectral index, tensor-to-scalar ratio and
reheating temperature in the Einstein frame in the
f(R) = R1+δ/Rδc model.
In this section we calculate ε˜1 and η in the model (1)
by using the equation (77) and (80), respectively, as
ε˜1 =
1
3
(1− δ)2
δ2
(90)
and
η =
2(1− δ)2
3δ2
= 2ε˜1. (91)
These expressions show dependence on the single param-
eter δ only, and thus are sensitive to the f(R) model
parameter.
This leads us to obtain the expressions for scalar spec-
tral index n˜s and tensor-to-scalar ratio r˜ using the value
{δD = 1.274 }{δC = 0.8228 }
{δA = 0.8046 } {δB = 1.321 }
C
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FIG. 6. Plot between scalar spectral index n˜s and δ param-
eter in the Einstein frame. The dashed straight line is the
upper limit of the n˜s = 0.9691 and dotted straight line is the
lower limit n˜s = 0.9607. The value of δ lies over the range
0.8046 ≤ δ ≤ 0.8228. The variation also shows a maximum
at δ = 1 and n˜s = 1.
of ε˜1 and η in the equation (87) and (88), respectively,
as
n˜s ' 1− 2
3
(
1− δ
δ
)2
, (92)
r˜ =
16
3
(1− δ)2
δ2
. (93)
Using equations (92) and (93), we get the relation be-
tween spectral index and tensor-to-scalar ratio as
r˜ = −8(n˜s − 1). (94)
It may be noticed that the above relation is independent
of δ parameter.
Further, we calculate the value of δ from the number of
e-foldings by putting the value of ε˜1 in the equation (89),
N =
∫ φ60
φend
d(φ/Mp)√
2(1− δ)2/3δ2 . (95)
Integrating equation (95),
N =
√
3
2
δ
(1− δ)
[
φ60
Mp
− φend
Mp
]
. (96)
If we assume that inflation starts at φ60 = Mp and ends
at φend = 0, then from equation (96) we have
N =
√
3
2
δ
(1− δ) (97)
We have kept the number of e-folds N = 60 with a view
to solve the horizon problem and flatness problem in the
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FIG. 7. Plot between tensor-to-scalar ratio r˜ and δ in the
Einstein frame. The dashed straight line at r˜ = 0.065 sets the
observational limit on the δ parameter. It marks a minimum
at δ = 1 with rmin = 0.
ΛCDM model. Putting the value of N in the equation
(97) we can constrain our model parameter. Thus,
δ
(1− δ) = 60
√
2
3
(98)
δ = 0.97999 ' 0.98 (99)
which is very close to 1. It is particularly significant
because using the value of δ, we are able to calculate the
scalar spectral index and tensor-to-scalar ratio, both in
the Jordan frame and the Einstein frame.
(ns , r )(0.9918 , 0.065 )
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0.30
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r
FIG. 8. Plot between tensor-to-scalar ratio r˜ and scalar
spectral index n˜s for δ = 0.98 in the Einstein frame. The
horizontal straight line is an upper bound on the r˜. At the
point of intersection A, the value of n˜s is 0.9918.
The equation (92) gives the relation between ns and δ
also seen in Fig.6, where we have constrained the value
of δ parameter from the observational upper and lower
A
(δ = 0.97961 )
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FIG. 9. Plot between the reheating temperature Tre and the
model parameter δ in the Einstein frame. The straight dot-
ted line provides a lower bound on the reheating temperature
giving δ = 0.97961.
limits of the ns. The admissible range is 0.8046 ≤ δ ≤
0.8228. The solid curve has a maximum at the value of
n˜s = 1 and δ = 1 which implies that there is no tilt in
the power spectrum of the CMB.
In Fig.7, we have shown a range of the parameter
0.9006 ≤ δ ≤ 1.124 from the observational value of r˜.
If the value of delta increases then the r˜ goes towards
the zero before increasing with δ. The value of r˜ is zero
at δ = 1, which means that the primordial gravitational
waves can not be produced during inflation but metric
fluctuations must present in the early universe. Since
an increasing value of δ makes r˜ become greater than
0.065, therefore, we can set the optimal bound on the δ
as 0.9006 ≤ δ < 1 for inflation.
Indeed, if we satisfy r < 0.065 then n˜s must be at least
equal to 0.9918, which can be further relaxed if r < 0.1.
This behaviour can be seen from Fig.8.
With the above analysis, we can comment that al-
though there is a lack of complete concordance range
of the δ parameter from the Fig.6 and Fig.7, however,
from the Fig.3 and Fig.8, we have obtained the values
of ns ≤ 0.9918 with our model parameter δ = 0.98.
Therefore, we may conclude that δ lies in the range
0.8046 ≤ δ ≤ 1 in the Einstein frame.
Now, the reheating temperature from (32) given in the
Einstein frame after putting the value of N˜k, H˜k and
ρ˜φ(en) from equations (97), (85) and (84), respectively,
into (89) becomes as
T˜re =
9
2
(11gs,re
43
)( 30
pi2gre
)( k
aoTo
)3( √2
pi
√
P˜sr˜
)
e
√
3
2
δ−1
δ e3
√
2
3
δ
1−δMp.(100)
The behaviour of T˜re from (100) with respect to δ can be
seen in the Fig.9, where T˜re = 10
16 GeV is a lower bound
indicating δ = 0.97961. This provides the minimum en-
ergy required to decouple gravitational field from other
fields.
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V. ARE THE JORDAN FRAME AND THE
EINSTEIN FRAME EQUIVALENT?
In the foregoing discussion, we have seen conformal
equivalence with the help of ns, r and Tre between the
Jordan and the Einstein frame in the very early universe.
In the Jordan frame, we obtained scalar spectral index
and tensor-to-scalar ratio, respectively, as
ns = 1− 2
δ
(1− δ)2
(1 + 2δ)
; r = 48
(1− δ)2
(1 + 2δ)2
, (101)
and in the Einstein frame as
n˜s = 1− 2
3
(1− δ)2
δ2
; r˜ =
16
3
(1− δ)2
δ2
. (102)
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FIG. 10. Plot between scalar spectral index ns and δ in the
Jordan frame (solid curve) and the Einstein frame (dashed
curve). As δ rises above δ = 1, we observe a marked dif-
ference between the two frames, while below δ = 1 they are
approximately indistinguishable from each other.
We may compare this to the Starobinsky model,
f(R) = R + R2/6M2, where the spectral index and
tensor-to-scalar ratio in the Jordan frame are [36, 40]
ns ' 1− 2
Nk
; r ' 12
N2k
, (103)
with Nk ' 1/(2ε1), and in the Einstein frame
n˜s ' 1− 2
N˜k
− 3
N˜2k
; r˜ ' 12
N˜2k
, (104)
with N˜k = 1/(2ε˜1).
The above equations (103) and (104) clearly show that
the expressions for spectral index and tensor-to-scalar
ratio in the Jordan frame and in the Einstein frame, re-
spectively, are not exactly same. However, as the third
term containing 3/(N˜2k ) in the equation (104) is negli-
gible in comparison to the second term 1/N˜k, equations
δ = 1.00
0 2 4 6 8 10
0
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15
δ
r
FIG. 11. Plot between tensor-to-scalar ratio r and δ in the
Jordan frame (solid curve) and the Einstein frame (dashed
curve).
r = 0.065
ns ( 0.9607, 0.9691)
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FIG. 12. Plot between tensor-to-scalar ratio r and scalar
spectral index ns at δ = 0.98 in the Jordan frame (solid
curve) and the Einstein frame (dashed curve). The horizontal
dashed line provides an observational limit on ns at r = 0.065,
whereas the lower solid horizontal straight line is drawn by
using the calculated value of r = 0.0022.
(103) and (104) become approximately equivalent in the
Starobinski model.
Similarly, for our model (1), spectral index and tensor-
to-scalar ratio in the Jordan frame and in the Einstein
frame are exactly same if δ ' 1. However, we use δ =
0.98 from equation (99) for calculating scalar spectral
index and tensor-to-scalar ratio in the Jordan frame and
in the Einstein frame. The corresponding values turn
out, respectively, as
ns = 0.99972; r = 2.2× 10−3, (105)
n˜s = 0.99972 r˜ = 2.19× 10−3. (106)
Thus, we find that the Jordan and the Einstein frame
are equivalent when δ = 0.98 as seen from equations (105)
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FIG. 13. Plot between reheating temperature Tre and the
model parameter δ in the Jordan frame and the Einstein
frame. The value of the reheating temperatures are approxi-
mately same.
and (106). A comparison between both frames is shown
in Figures 10, 11, 12, 13. There is an increasingly marked
departure from mutual equivalence as the value of δ rises
above δ = 1 during the inflation. On the contrary, from
Fig.10 and Fig.11, we note that when δ falls below δ = 1,
the differences in the values of ns and r in the Jordan
frame and in the Einstein frame are quite small making
the two frames almost indistinguishable from each other.
In Fig.12, the maximum and minimum observational
values of ns at r = 0.065 have been shown by the hori-
zontal dashed straight line. The solid straight line at the
bottom represents the calculated value of r ' 0.0022 in-
dicating ns = 0.9997 in the both frames. The difference
between the calculated value (ns = 0.9997 at δ = 0.98)
and the observational value (ns = 0.9649 ± 0.0042) lies
over the range ∼ 0.0306 to 0.0390.
Further, we have the value of reheating temperature at
δ = 0.98 in the Jordan frame and in the Einstein frame,
respectively, as
Tre = 4.42Mp
(11gs,re
43
)( 30
pi2gre
)( k
aoTo
)3
( √2
pi
√Psr
)
e3Nk
1√
F
, (107)
and
T˜re = 4.57Mp
(11gs,re
43
)( 30
pi2gre
)
( k
aoTo
)3( √2
pi
√
P˜sr˜
)
e3N˜k . (108)
Now, putting F = exp(
√
(2/3)φ/Mp) in equation (32)
where φ = Mp when the inflation begins and φ ≤ Mp at
the time of horizon exit, we obtain T˜re in the Einstein
frame through
Tre ' 1√
F
T˜re. (109)
The above equation (109) shows the relation between re-
heating temperature in the Jordan frame and in the Ein-
stein frame. In both cases,
√
F  1 or √F  1, these
frames do not remain equivalent. Tre and T˜re strongly
depend on the number of e-folding and energy density at
the end of the inflation.
Numerical values of reheating temperature at δ = 0.98
in the Jordan frame and the Einstein frame are given as
Tre = 1.98× 1017GeV ; T˜re = 3.1× 1017GeV, (110)
and at δ ' 0.9789 (or number of e-folding N ' 57),
Tre = 2.3× 1013GeV ; T˜re = 3.7× 1013GeV. (111)
At δ ' 0.9788
Tre = 5.99× 1012GeV ; T˜re = 9.3× 1012GeV. (112)
We can see from the equations (110), (111) and (112) that
even a small variation in the value of δ produces a drastic
change in the reheating temperature Tre. However, both
frames provide approximately same value of reheating
temperature.
Equations (105), (106), (110), (111) and (112), are ap-
proximately same as a consequence of equivalence be-
tween the Jordan frame and the Einstein frame. This is
also seen from Fig.13, where the curves show the similar
behaviour leaving only a small difference in the value of
reheating temperature.
VI. CONCLUSION
We have ended up this paper showing equivalence be-
tween the Jordan frame and the Einstein frame, while
examining the viability of our model. We calculated the
model parameter δ during the inflation and attempted
to constraint the upper limit on the reheating temper-
ature. Throughout, we have studied the framework of
f(R) = R1+δ/Rδc model which provides the value of the
power spectrum indices very close to the observations.
Inflationary slow roll parameters, scalar spectral indices
and tensor-to-scalar ratio are sensitive to δ parameter.
If δ = 1 then ns becomes = 1 implying that tilt of the
power spectrum is zero. However, considering that the
Hubble parameter is not exactly constant during infla-
tion, tilt should be ns ∼ 1. We have calculated value
ns = 0.99972 at δ = 0.98 but the observational con-
straints on the scalar spectral index from Planck 2018
give ns = 0.9647±0.0042. Thus, there is small difference
between the observed and the calculated value of the ns
in our model, that can be attributed to several factors,
including statistical or systematic errors. We also see
that tensor-to-scalar ratio r becomes zero if δ = 1 which
means that the amplitude of the tensor power spectrum
is zero. Therefore, primordial gravitational waves cannot
not get produced during inflation if δ = 1, and δ ' 0.98
appears consistent with inflation.
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We have the relation (64) between ns and r in the
Jordan frame in terms of δ parameter, while on the other
hand, the relation (94) is completely independent of δ in
the Einstein frame. Thus, it leads to the same result as
equation (64) at δ = 0.98. This can also be seen from the
Fig.12. Above all, it appears that δ = 0.98 is the most
preferred value of δ during the inflation for our model.
We have obtained another result about δ parameter
which shows that the Jordan and the Einstein frame
are equivalent if δ = 0.98. In addition, we found that
scalar spectral index, tensor-to-scalar ratio and reheat-
ing temperature in the Jordan frame show an increas-
ingly marked difference from the Einstein frame when δ
rises above δ = 1. Thus, a lower value of this model
parameter is favoured.
Calculations show that the reheating temperature at
δ = 0.98 is Tre ∼ 1017 GeV. This value of the reheat-
ing temperature is required for grand unification sym-
metry breaking. However, it is interesting to see that
if we introduce even a small variation from δ = 0.98
to δ = 0.9788, then the reheating temperature hugely
drops to Tre ∼ 1013 GeV. Clearly, this shows that the
reheating temperature is strongly sensitive to the value
of δ parameter, although it does not tell us how exactly
reheating occurs. In our future work, we will attempt
to calculate reheating temperature via perturbative re-
heating mechanism or other possible processes for such
potential. Further investigations may be done to study
phase transition and we guess that some corrections may
arise in the potential. We would also use this model to
examine the evolution of δ, especially up to phase of the
late-time cosmic acceleration of the universe.
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